This paper describes the analysis of Lagrange interpolation errors on tetrahedrons. In many textbooks, the error analysis of Lagrange interpolation is conducted under geometric assumptions such as shape regularity or the (generalized) maximum angle condition. In this paper, we present a new estimation in which the error is bounded in terms of the diameter and projected circumradius of the tetrahedron. Because we do not impose any geometric restrictions on the tetrahedron itself, our error estimation may be applied to any tetrahedralizations of domains including very thin tetrahedrons.
Introduction
Lagrange interpolation on tetrahedrons and the associated error estimates are important subjects in numerical analysis. In particular, they are crucial in the error analysis of finite element methods. Throughout this paper, K ⊂ R P k (K) is the set of all polynomials defined on K whose degree is at most k. For a continuous function v ∈ C 0 (K), the Lagrange interpolation I k K v ∈ P k (K) of degree k is defined as
We attempt to obtain an upper bound of the error |v − I k K v| m,p,K for integers 0 ≤ m ≤ k, where | · | m,p,K is the usual Sobolev semi-norm. Let K be a reference element. Let ϕ(x) = Ax+b be an affine transformation that maps K to K, where A is a d×d regular matrix and b ∈ R d . Let 1 ≤ p ≤ ∞.
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A function v ∈ W 2,p (K) is pulled-back by ϕ asv := v • ϕ, and error analysis is conducted on K.
Theorem 1. We have
K , where A denotes the matrix norm of A associated with the Euclidean norm of R d .
Let k, m be integers such that k ≥ 1 and 0 ≤ m ≤ k. 
For the case of triangles (that is, d = 2), a triangle with vertices (0, 0) , (1, 0) , and (0, 1) is taken as the reference triangle K. Also, we may assume without loss of generality that K is the triangle with vertices x 1 = (0, 0) , x 2 = (α, 0) , x 3 = (βs, βt) , where α ≥ β > 0, s = cos θ, t = sin θ, and 0 < θ < π is the inner angle of K at x 1 . Furthermore, we may also assume α ≤ |x 2 x 3 | = h K . Then, we have h K /2 < α ≤ h K and π/3 ≤ θ < π. These assumptions imply that the affine transformation ϕ can be written as ϕ(x) = Ax with the matrix
Set t = sin θ = 1, for example (that is, K is a right triangle). Then, A = α and A −1 = 1/β, and the inequalities in (1) can be rearranged as
Thus, one might consider that the ratio α/β should not be too large, or K should not be too "flat." This consideration is expressed as the minimum angle condition [28], which is equivalent to the shape-regularity condition for triangles.
It is known that shape-regularity is not an optimal condition on the geometry of triangles. If the maximum angle of a triangle is less than a fixed constant 20 θ 1 < π, then the estimation (1) holds after replacing Cσ m with a constant
. This condition is known as the maximum angle condition
For the case d = 2, the present authors recently reported an error estimation in terms of the circumradius of a triangle [17] , [19] , [20] . Let R K be the 25 circumradius of a triangle K.
Theorem 3 (Circumradius estimates). Let K be an arbitrary triangle. Then, for the kth-order Lagrange interpolation I k K on K, the estimation
In the proof of Theorem 3, the main point is that the matrix A in (2) can be decomposed as
As pointed out by Babuška-Aziz [6] and the present authors [20] are bounded by means of the circumradius R K (see [19] for details). Note that, setting t = 1 and β = α 2 in (1) (and (3)), we realize that no matter how much
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we try to analyze A k+1 A −1 m , we cannot prove Theorem 3. Although our novel strategy is simple, it is more powerful than expected and has been applied to several finite element error analysis without the shape-regularity condition [21, 22] .
For tetrahedrons, a generalized maximum angle condition was derived by 40 Křížek [23] and Durán [13] . Let K be a tetrahedron, and let θ 1 < π be fixed. If any inner angles of the faces and any dihedral angles between faces of K are less than or equal to θ 1 , then K is said to satisfy Křížek's maximum angle condition with θ 1 . Then, the following theorem holds.
Theorem 4 (Maximum angle condition). Let π/2 ≤ θ 1 < π be a constant.
Suppose that a tetrahedron K satisfies Křížek's maximum angle condition with θ 1 . Then, there exists a constant C = C(θ 1 , p) with p > 2 such that
where
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The aim of this paper is to extend Theorem 4 and derive a similar error estimation to that of Theorem 3 for tetrahedrons under no specific geometric restrictions.
To extend the circumradius estimation (4) to tetrahedrons, an immediate idea is to replace the circumradius of a triangle with the radius of the circum-
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sphere of a tetrahedron. However, this idea can be immediately rejected by considering the tetrahedron K with vertices x 1 = (h, 0, 0) , x 2 = (−h, 0, 0) ,
, and x 4 = (0, h, h α ) with h > 0 and α > 0. Setting
, and a simple computation yields |v 1 Thus, we introduce the projected circumradius, also denoted by R K , of a tetrahedron K in Section 2.5. We then obtain the following main theorem for 60 tetrahedrons that is fundamentally similar to (4).
Theorem 5 (Main Theorem). Let K be an arbitrary tetrahedron. Let h K := diamK and R K be the projected circumradius of K defined by (10) . Assume that k, m are integers with k ≥ 1, 0 ≤ m ≤ k, and take
Then, for arbitrary v ∈ W k+1,p (K), there exists a constant C = C(k, m, p)
independent of K such that
Obviously, the error estimation (7) in terms of the projected circumradius of tetrahedrons is completely different from most prior error estimates obtained under the maximum angle condition. Additionally, as has been pointed out before, Theorem 5 cannot be proved by analyzing the inequality (1). As stated in Section 2.5, there exists a sequence {K h } of tetrahedrons with lim h→0 R K h = 0, whereas their maximum dihedral angles approach π. Therefore, Theorem 5 is an essential extension of the prior error estimations, such as those in Theorems 2, 4. Further comments on these points are given in the concluding remarks (Section 6).
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In Section 2, we state some preliminary results used in this paper. In particular, we define the standard position and the projected circumradius for tetrahedrons. In Section 3, we recall definitions related to the quotient differences of functions with multi-variables. We then reconfirm the Squeezing Theorem (Theorem 6) for tetrahedrons. In Section 4, we obtain the error estimation of
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Lagrange interpolation in terms of the singular values of a linear transformation.
In Section 5, we present a geometric interpretation of the singular values of the linear transformation, which completes the proof of the main theorem. In the appendix, we give an interesting and simple counter example showing that the estimation (7) does not hold for the case p = 2 and k = m = 1. 
sense of the distribution) is defined by
the norm and semi-norm of W k,p (Ω) are defined by
The imbedding theorem
Let 1 < p ≤ ∞. From Sobolev's imbedding theorem and Morry's inequality, we have the continuous imbeddings
Although Morry's inequality may not be applied, the continuous imbedding
For the imbedding theorem, see [1] , [9] , and [25] .
In the following, we assume that p is such that the imbedding
Standard position of tetrahedrons
When considering tetrahedrons, it is convenient to define their "standard coordinates." Take reflection operations, these situations can be written using the parameters
as
for the case (i)
Note that, in the above setting, we implicitly assume that x 1 and x 4 belong to 90 the same half-space. We refer to the coordinates in (9) as the standard position of a tetrahedron. In the following, we sometimes write h B := α. Let R B be the circumradius of B.
The reference tetrahedrons
Because we have the two cases in the standard position of tetrahedrons, we introduce two reference tetrahedrons to deal with the two cases. Let K and K be tetrahedrons that have the following vertices (see Figure 1) : the main theorem, K corresponds to the case (i) and K corresponds to the case (ii). In this paper, we denote the reference tetrahedrons by K, that is, K is either of { K, K}.
The projected circurmradius of tetrahedrons
Suppose that a tetrahedron K is at the standard position. Let θ ∈ R be such that − 
That is, δ θ is a composite transformation of rotation about the z-axis with angle θ and projection to the xz-plane. The image δ θ (K) is a triangle on the xz-plane.
Let R θ be the circumradius of δ θ (K). Define
The projected circumradius R K of a tetrahedron K is defined by
where the minimum is taken over all the facets of K. See Figure 2 for a graphical 100 image of the projected circumradius. Let δ, η > 0 be positive numbers with 1 < δ < η < 1 + δ. Let K be the tetrahedron with vertices x 1 := (0, 0, 0) ,
Take a direction of the projection at which R θ attains R P . we realize that
R P R B h B
Thus, R K → 0 as h → 0 whereas the maximum angle of K approaches to π.
This example shows that the condition "R K → 0" is more general than the maximum angle condition.
The setting of error estimation
We define the set
Note that we have
Therefore, we try to obtain an upper bound of B m,k p (K) in terms of geometric 110 quantities of K.
The Squeezing Theorem
Let a, b ∈ R be such that 0 < a ≤ 1 and 0 < b. We then define the squeezing map sq
In this section, we will prove the following theorem that is called the Squeezing Theorem. 
Although the proof of Theorem 6 is very similar to that of [20, Theorem 1.3], we 115 provide a sketch here for readers' convenience. Note that, in (6), the restriction 2 < p ≤ ∞ for the case k = m comes from the continuity of the trace operator
, where S ⊂ K is a non-degenerate segment (see [20, Section 3] ). Using the counter-example given by Shenk [26] , we find that this restriction cannot be improved. Note that the integral of difference quotients have already been introduced and 125 used for the finite element error analysis on anisotropic meshes [3, 4] . For the definition of difference quotients of functions and their basic properties, readers are referred to the textbooks [5, 24, 27] .
For a positive integer k, X k is the set of lattice points defined by
where 
For two multi-indexes
. Also, δ · η and δ! are defined by δ · η := 3 i=1 m i n i and δ! := n 1 !n 2 !n 3 !, respectively. Suppose that, for γ, δ ∈ N 3 0 , both x γ and ∆ δ x γ belong to K. Then, we define the difference quotients for f ∈ C 0 (K) by
is written as an integral of f . For example, we have
To provide a concise expression for the above integral, we introduce the s-simplex
and the integral of g ∈ L 1 (S s ) on S s is defined by
For a general multi-index (t, s, m), we can write 
If
δ γ degenerates to a rectangle or a segment, the integral is understood as an integral on the rectangle or on the segment. By this notation, the difference
A proof of Theorem 6
The set Ξ
Proof. Note that dimP k−|δ| = #{ We now generalize the squeezing map. Let α, β, and γ ∈ R be such that 0 < β ≤ α and 0 < γ. We then define the squeezing map sq
is a similar transformation. Let Ω ⊂ R 3 be a domain and an arbitrary function v ∈ W k,p (Ω) be pulled-back to
Now, take an arbitrary function v ∈ T . Therefore, it follows from Theorem 6 that
Hence, we have derived the following corollary.
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Corollary 9. Let α, β, and γ ∈ R be such that 0 < β ≤ α and 0 < γ. Let
and p is taken as (6). We then have
Error estimates of Lagrange interpolation on general tetrahedrons
In this section, we obtain an error estimation for Lagrange interpolation on general tetrahedrons. To this end, we apply the method developed in [19] .
Recall that an arbitrary tetrahedron K is written as (9) with parameters (8). First, we confirm that K is obtained from the reference tetrahedron K by an affine linear transformation. Define the matrices A, A, G ∈ GL(3, R) by
We then have K = AG( K) for case (i) or K = AG( K) for case (ii), that is, 
the eigenvalues of which are µ = 1, 1± 1 − t 2 i = 1±s i , i = 1, 2, where s 1 := |s 1 | and s 2 := s 2 21 + s 2 22 . Therefore, for a ∈ R 3 , we have
where y := V x. The fact that detA = t 1 t 2 and inequalities (2.2), (2.3) in [19] then give
(See the inequalities in [19, p.496] .) Note that the constant C depends only on k, m, and p. Hence, we have derived the following theorem:
155 Theorem 10. Let K be an arbitrary tetrahedron with vertices given by (9) with the parameters in (8). Let k, m be integers with k ≥ 1 and 0 ≤ m ≤ k. Let p be taken as (6) . Then, we have
where C = C(k, m, p) is a constant independent of K.
A geometric interpretation and the proof of the main theorem
In this section, we prove the main theorem (Theorem 5) from Theorem 10.
To this end, we consider the geometric meaning of the quantity
that appeared in Theorem 10. Recall that K is a tetrahedron with vertices given by (9) and the parameters in (8). Recall also that B is the base of K with vertices x 1 , x 2 , x 3 . The circumradius R B can then be written as
Because
we have
where we have used the definition h B = α.
Recall that R P was defined in Section 2.5. We will show that there exists a constant C independent of K such that
Let x 3 = (η, ξ, 0) , that is, ξ = βt 1 and η = βs 1 or η = α − βs 1 . From the assumption, we have 0 < η < α and ξ > 0. Note that
Let x < x be the x-coordinates of the end points of the base of δ θ (K). The assumptions given in (8) yield
Defining w = w(θ) := s 21 cos θ − s 22 sin θ, R θ is written as
Take an arbitrary θ ∈ − π 3 , π 3 . Suppose that the inequality
holds and there exists a constant C 1 independent of θ such that
We then have
Here, we have used the fact that x/2 ≥ (x + x)/2 ≥ γw and x − γw ≥ x/2 ≥ (α cos θ)/2. Hence, setting
we obtain
and the key inequality (13) is shown.
Fix ϕ such that 0 < ϕ < π 6 , sin 2ϕ tan 2ϕ ≤ 1 6 .
In the following, we will show that, according to x 4 = (γs 21 , γs 22 , γt 2 ) , we can 160 take an appropriate θ ∈ − π 3 , π 3 such that conditions (14) and (15) hold with C 1 = sin ϕ. In this case, we set θ = 0 and have x = 0, x = α, and γw = γs 21 ≤ α/2 = (x + x)/2 because of (8). Hence, (14) holds. For (15), we note that
and so (15) holds with C 1 := sin ϕ.
Case 2: Suppose that |s 22 | tan ϕ > |s 21 | and 3γs 22 tan 2ϕ ≤ α.
In this case, set θ = −2ϕ. We then have x = 0 and x ≥ α cos θ = α cos 2ϕ. If In this case, set θ = 2ϕ. We then have x = min{η cos 2ϕ − ξ sin 2ϕ, 0}, x = α cos 2ϕ.
If η cos 2ϕ − ξ sin 2ϕ ≤ 0, then x = η cos 2ϕ − ξ sin 2ϕ = α cos 2ϕ + (η − α) cos 2ϕ − ξ sin 2ϕ we have
Therefore,
and (14) 
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Using inequalities (12) and (13), we have shown the following lemma.
Lemma 11. Let K be a tetrahedron with vertices given by (9) and the parameters in (8). We then have
where C is a constant independent of K.
Take a facet B so that R B R P /h B = R K . Combining Theorem 10 and Lemma 11 with the projected circumradius R K , we have
where the constant C = C(k, m, p) is independent of K with vertices (9) . Note that Sobolev (semi-)norms are affected by rotation up to a constant. Therefore, we have proved the main theorem (Theorem 5). 
Concluding remarks
In this final section, we present some remarks on the newly obtained error estimation.
(1) Let Ω ⊂ R 3 be a bounded polyhedral domain. Suppose that we compute a numerical solution of the Poisson equation
by the piecewise kth-order finite element method with conforming simplicial elements. To this end, we construct a tetrahedralization T h of Ω and consider the piecewise P k continuous function space S h ⊂ H 1 0 (Ω). Then, the weak form of (16) is
and the finite element solution is defined as the unique solution u h ∈ S h of
Céa's Lemma implies that the error |u − u h | 1,2,Ω is estimated as
Combining (17) and Theorem 5 with p = 2, k ≥ 2, m = 1, we have It is known that a triangulation of 3-dimensional domain Ω may have many slivers. Consider the typical sliver K mentioned in Section 1, whose vertices are (±h, 0, 0) and (0, ±h, h α ) . We can see that
). Thus, if we use a kth-order conforming Lagrange finite element 180 method with triangulation that contains many slivers like K, the theoretical convergence rate may be O(h k+1−α ). This is worse than the expected rate O(h k ), but we can still expect convergence if k + 1 − α > 0. Therefore, "bad" triangulation with many slivers can be remedied by using higher-order Lagrange elements. [2]. [15] , and [10] . The present authors believe that the approach and results
given in this paper are fundamentally different from those papers and give a new insight to the finite element error analysis. 
